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TO {PRAGMATIKO} JEMELIWDES JEWRHMA

THS ALGEBRAS

GnwrÐzoume wc Jemeli¸dec Je¸rhma thc 'Algebrac thn prìtash,

K�je polu¸numo bajmoÔ n me suntelestèc sto C èqei akrib¸c

n to pl joc rÐzec sto C, (lamb�nontac up' ìyin to pl joc twn

emfanÐsewn thc k�je rÐzac).

TO {PRAGMATIKO} JEMELIWDES JEWRHMA THS ALGEBRAS

'H JEWRHMA GIRARD–KRONECKER
Gia k�je polu¸numo bajmoÔ n me suntelestèc se k�poio s¸ma

F up�rqei s¸ma L ¸ste F ⊆ L kai to L perièqei akrib¸c n to

pl joc rÐzec tou poluwnÔmou, (lamb�nontac up' ìyin to pl joc

twn emfanÐsewn thc k�je rÐzac).
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• O Albert Girard (1595�1632) to 1629 diatÔpwse grapt¸c, (Invention Nouvelle
en l’Algebre), kai qwrÐc apìdeixh prìtash me Majhmatikì nìhma parapl sio

thc prìtashc pou s mera onom�zoume Jemeli¸dec Je¸rhma thc 'Algebrac.

• Gia poll� qrìnia h al jeia thc prìtashc jewreÐto kai lamb�neto wc dedomènh

kai den up rxe prosp�jeia apìdeix c thc.

• Diadoqikèc prosp�jeiec apìdeixhc apì touc d’Alambert (1717–1783), Euler
(1707–1783), Foncenex (1734–1799), Lagrange (1736–1813), Gauss (1777-1855).
To Jemeli¸dec Je¸rhma thc 'Algebrac eÐnai upoperÐptwsh tou genikìterou

jewr matoc GIRARD–KRONECKER. To Jemeli¸dec Je¸rhma thc 'Algebrac
ousiastik¸c lèei ìti an F = C tìte kai L = C.

• To je¸rhma GIRARD–KRONECKER apèdeixe o KRONECKER sthrizìme-

noc sthn pio k�tw kataskeuastik  idèa, (me p(x) an�gwgo polu¸numo),



Apì to dojèn s¸ma F twn suntelest¸n tou poluwnÔmou, kai mèsw kat�llhlou
isomorfismoÔ f , kataskeu�zetai to s¸ma FI me Ðdiec akrib¸c algebrikèc idiìth-
tec me autèc tou F . ApodeiknÔetai ìti to F [x]/(p(x)) eÐnai upers¸ma tou FI pou
perièqei mÐa rÐza thc isomorfik c eikìnac tou dojèntoc poluwnÔmou.

Sthn bibliografÐa, h kataskeu  tou K ⊇ F pou perièqei mÐa rÐza

tou dojèntoc poluwnÔmou paraleÐpetai. Af netai wc �skhsh

ston anagn¸sth. Skopìc mac eÐnai, parousi�zontac thn dia-

dikasÐa kataskeu c tou s¸matoc F[x]/(p(x)), na parousi�soume

kai thn kataskeu  tou s¸matoc K pou perièqei mÐa rÐza tou

dojèntoc poluwnÔmou kai kat' epèktash tou s¸matoc L pou pe-

rièqei ìlec tic rÐzec tou.
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• K�je sÔnolo F efodiasmèno me dÔo pr�xeic tètoiec ¸ste h pr¸th apì autèc

na èqei Ðdiec algebrikèc idiìthtec me thn prìsjesh tou Z kai h deÔterh na èqei

Ðdiec algebrikèc idiìthtec me ton pollaplasiasmì tou Z lègetai metajetikìc

daktÔlioc me mon�da.

• An epiplèon h deÔterh pr�xh èqei Ðdiec algebrikèc idiìthtec me ton pollapla-

siasmì tou Q tìte to sÔnolo lègetai s¸ma.

• Oi pr�xeic autèc anafèrontai wc {prìsjesh} kai {pollaplasiasmìc} akìma ki
ìtan den eÐnai h sun jhc prìsjesh kai o sun jhc pollaplasiasmìc twn Z, Q,

R, C pou gnwrÐzoume. SumbolÐzoume tic pr�xeic autèc eÐte wc {+}, {·} eÐte

wc {⊕}, {�} kai ton pollaplasiasmì k�poiec forèc me kenì.

• 'Otan to F eÐnai s¸ma, to sÔnolo F [x] = {Σn
i=0 ai x

i : ai ∈ F, n ∈ N} eÐnai
o daktÔlioc twn poluwnÔmwn me suntelestèc sto s¸ma F . H prìsjesh kai

o pollaplasiasmìc sto F [x] orÐzontai kat' analogÐa twn antistoÐqwn pr�xewn
sto Q[x] dhlad , ∀ f (x) = Σn

i=0 ai x
i, g(x) = Σm

i=0 βi x
i ∈ F [x],

f (x) + g(x) = Σmax{n,m}
i=0 (ai + βi)xi, f (x) g(x) = Σn+m

i=0
[
Σi
j=0ai−j βj

]
xi.
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• 'Estw F s¸ma, p(x) ∈ F [x], deg[p(x)] ≥ 1. Lème ìti to p(x) eÐnai an�gwgo
sto F [x] an den up�rqoun a(x), b(x) ∈ F [x] ¸ste deg[a(x)] ≥ 1, deg[b(x)] ≥ 1
kai p(x) = a(x) b(x).

'Estw b(x),p(x) ∈ F[x]. OrÐzoume to sÔnolo b(x) + (p(x)) wc ex c,

b(x) + (p(x)) = {b(x) + a(x) p(x) : a(x) ∈ F[x]}.

OrÐzoume to sÔnolo F[x]/(p(x)) wc ex c,

F[x]/(p(x)) = {b(x) + (p(x)) : b(x) ∈ F[x]}.

Sthn bibliografÐa qrhsimopoioÔntai ektetamènwc oi dÔo sum-

bolismoÐ F[x]/(p(x)) kai F[x]/〈p(x)〉 me to Ðdio nìhma. Sta epìmena

ja qrhsimopoi soume ton sumbolismì F[x]/〈p(x)〉 gia na apo-

fÔgoume tic pollèc parenjèseic. 'Ara,

b(x) + 〈p(x)〉 = {b(x) + a(x) p(x) : a(x) ∈ F[x]},
F[x]/〈p(x)〉 = {b(x) + 〈p(x)〉 : b(x) ∈ F[x]}.



HlÐac Lamp�khc 4o Gumn�sio PÔrgou�HleÐac 2019

Efodi�zoume to F [x]/〈p(x)〉 me mÐa pr�xh prìsjeshc ⊕ kai mÐa pr�xh pollapla-

siasmoÔ � wc ex c,

(b1(x) + 〈p(x)〉)⊕ (b2(x) + 〈p(x)〉) = (b1(x) + b2(x)) + 〈p(x)〉,
(b1(x) + 〈p(x)〉)� (b2(x) + 〈p(x)〉) = (b1(x) b2(x)) + 〈p(x)〉.

• To F [x]/〈p(x)〉 eÐnai kleistì wc proc tic pr�xeic ⊕,�.
• Epeid , (b1(x) + 〈p(x)〉)⊕ (b2(x) + 〈p(x)〉) =

= (b1(x) + b2(x)) + 〈p(x)〉 =
= (b2(x) + b1(x)) + 〈p(x)〉 =
= (b2(x) + 〈p(x)〉)⊕ (b1(x) + 〈p(x)〉),

kai (b1(x) + 〈p(x)〉)� (b2(x) + 〈p(x)〉) = (b1(x) b2(x)) + 〈p(x)〉 =

= (b2(x) b1(x)) + 〈p(x)〉 =
= (b2(x) + 〈p(x)〉)� (b1(x) + 〈p(x)〉),

oi pr�xeic ⊕,� eÐnai metajetikèc.
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• Ta 0 + 〈p(x)〉 = 〈p(x)〉, 1 + 〈p(x)〉 eÐnai ta oudètera stoiqeÐa twn pr�xewn
⊕,� antistoÐqwc.

• To −b(x) + 〈p(x)〉 eÐnai to antÐjeto tou b(x) + 〈p(x)〉 ìtan b(x) 6= 0.
• Epeid , ((b1(x) + 〈p(x)〉)⊕ (b2(x) + 〈p(x)〉))⊕ (b3(x) + 〈p(x)〉) =

= ((b1(x) + b2(x)) + 〈p(x)〉)⊕ (b3(x) + 〈p(x)〉) =
= ((b1(x) + b2(x)) + b3(x)) + 〈p(x)〉 =
= (b1(x) + (b2(x) + b3(x))) + 〈p(x)〉 =
= (b1(x) + 〈p(x)〉)⊕ ((b2(x) + b3(x)) + 〈p(x)〉) =
= (b1(x) + 〈p(x)〉)⊕ ((b2(x) + 〈p(x)〉)⊕ (b3(x) + 〈p(x)〉)),

kai ((b1(x) + 〈p(x)〉)� (b2(x) + 〈p(x)〉))� (b3(x) + 〈p(x)〉) =

= ((b1(x) b2(x)) + 〈p(x)〉)� (b3(x) + 〈p(x)〉) =
= ((b1(x) b2(x)) b3(x)) + 〈p(x)〉 =
= (b1(x) (b2(x) b3(x))) + 〈p(x)〉 =
= (b1(x) + 〈p(x)〉)� ((b2(x) b3(x)) + 〈p(x)〉) =
= (b1(x) + 〈p(x)〉)� ((b2(x) + 〈p(x)〉)� (b3(x) + 〈p(x)〉)),

oi pr�xeic ⊕,� eÐnai proseteristikèc.
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• Epeid , ((b1(x) + 〈p(x)〉)� ((b2(x) + 〈p(x)〉)⊕ (b3(x) + 〈p(x)〉)) =

= (b1(x) + 〈p(x)〉)� ((b2(x) + b3(x)) + 〈p(x)〉) =
= (b1(x) (b2(x) + b3(x)) + 〈p(x)〉 =
= (b1(x) b2(x) + b1(x) b3(x)) + 〈p(x)〉 =
= (b1(x) b2(x) + 〈p(x)〉)⊕ (b1(x) b3(x) + 〈p(x)〉) =
= (b1(x) + 〈p(x)〉)� (b2(x) + 〈p(x)〉)⊕
⊕(b1(x) + 〈p(x)〉)� (b3(x) + 〈p(x)〉),

isqÔei h epimeristik  idiìthta tou {pollaplasiasmoÔ} � epÐ thc {prìsjeshc}

⊕. To F [x]/〈p(x)〉 efodiasmèno me thn {prìsjeshc} ⊕ kai ton {pollapla-

siasmì} � eÐnai metajetikìc daktÔlioc me mon�da.

'Estw p(x) èna an�gwgo polu¸numo tou F[x]. To sÔnolo

F[x]/〈p(x)〉 efodiasmèno me tic pr�xeic ⊕,� eÐnai s¸ma.

ArkeÐ na deÐxoume ìti gia k�je mh mhdenikì stoiqeÐo tou F [x]/〈p(x)〉 up�rqei
{pollaplasiastikì} antÐstrofo wc proc ton {pollaplasiasmì} �. 'Estw
b(x) + 〈p(x)〉 mh mhdenikì stoiqeÐo tou F [x]/〈p(x)〉 dhlad , b(x) + 〈p(x)〉 6=
0 + 〈p(x)〉 = 〈p(x)〉. 'Ara, b(x) + 〈p(x)〉 6= 〈p(x)〉. An to p(x) diaireÐ to b(x)
tìte, b(x) = p(x) q(x), me q(x) ∈ F [x] dhlad , b(x) ∈ 〈p(x)〉 kai
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b(x) + 〈p(x)〉 = {b(x) + a(x) p(x) : a(x) ∈ F [x]} =
= {p(x) q(x) + a(x) p(x) : q(x), a(x) ∈ F [x]} =
= {(q(x) + a(x)) p(x) : q(x), a(x) ∈ F [x]} =
= {g(x) p(x) : g(x) ∈ F [x]} = 〈p(x)〉,

�topo. 'Ara to p(x) den diaireÐ to b(x). 'Estw d(x) ∈ F [x] eÐnai ènac mègistoc
koinìc diairèthc twn p(x), b(x). An deg[d(x)] ≥ 1 tìte h sqèsh p(x) = d(x) k(x),
me k(x) ∈ F [x] ep�gei ìti deg[k(x)] = 0, (giatÐ to p(x) eÐnai an�gwgo). Opìte,
k(x) = k ∈ F − {0} kai p(x) = k d(x)   d(x) = k−1 p(x). Apì thn b(x) =
d(x) t(x) me t(x) ∈ F [x] èpetai b(x) = k−1 t(x) p(x) kai to p(x) diaireÐ to b(x),
�topo.
'Ara, ta p(x), b(x) eÐnai pr¸ta metaxÔ touc kai apì gnwst  idiìthta twn sqetik¸c

pr¸twn poluwnÔmwn mporoÔme na gr�youme,

b1(x) b(x) + b2(x) p(x) = 1⇒ ( me b1(x), b2(x) ∈ F [x])
b1(x) b(x) = 1 + (−b2(x)) p(x) ⇒

(b1(x) + 〈p(x)〉)� (b(x) + 〈p(x)〉) = (b1(x) b(x)) + 〈p(x)〉 =
{b1(x) b(x) + a(x) p(x) : a(x) ∈ F [x]} =
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{1 + (−b2(x)) p(x) + a(x) p(x) : −b2(x), a(x) ∈ F [x]} =
{1 + (−b2(x) + a(x)) p(x) : −b2(x), a(x) ∈ F [x]} =

{1 + u(x) p(x) : u(x) ∈ F [x]} =
1 + 〈p(x)〉.

DeÐxame ìti to mh mhdenikì stoiqeÐo b(x)+〈p(x)〉 tou F [x]/〈p(x)〉 èqei antÐstrofo
wc proc thn pr�xh � kai to F [x]/〈p(x)〉 eÐnai s¸ma.
JewroÔme to sÔnolo FI = {b + 〈p(x)〉 : b ∈ F}, p(x) an�gwgo
polu¸numo tou F[x]. To FI eÐnai uposÔnolo tou F[x]/〈p(x)〉.
OrÐzoume thn sun�rthsh f : F 7→ FI me kanìna f(b) = b + 〈p(x)〉.
H sun�rthsh aut  eÐnai isomorfik  emfÔteush tou s¸matoc F
sto s¸ma F[x]/〈p(x)〉.
'Estw b1 = b2 stoiqeÐa tou F . Tìte kai b1 − b2 = 0 kai,

(b1 − b2) + 〈p(x)〉 = {(b1 − b2) + a(x) p(x) : a(x) ∈ F [x]} =
= {0 + a(x) p(x) : a(x) ∈ F [x]} =
= {a(x) p(x) : a(x) ∈ F [x]} =
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= 〈p(x)〉 = 0 + 〈p(x)〉 ⇒
(b1 + 〈p(x)〉)− (b2 + 〈p(x)〉) = 0 + 〈p(x)〉 ⇒

b1 + 〈p(x)〉 = b2 + 〈p(x)〉,

kai h f eÐnai kal¸c orismènh. EpÐshc,

b1 + 〈p(x)〉 = b2 + 〈p(x)〉 ⇒
(b1 − b2) + 〈p(x)〉 = 0 + 〈p(x)〉 = 〈p(x)〉 ⇒

{(b1 − b2) + a(x) p(x) : a(x) ∈ F [x]} = {a(x) p(x) : a(x) ∈ F [x]} ⇒
(b1 − b2) + a1(x) p(x) = a2(x) p(x)⇒

gia k�poia a1(x), a2(x) ∈ F [x]
b1 − b2 = (a1(x)− a2(x)) p(x).

An a1(x) 6= a2(x) tìte to p(x) bajmoÔ megalÔterou   Ðsou tou 1, (wc an�gwgo),

diaireÐ to stajerì polu¸numo b1 − b2. Autì mporeÐ na sumbaÐnei mìno an to

b1 − b2 eÐnai to mhdenikì polu¸numo dhlad , b1 = b2. An a1(x) = a2(x) tìte
b1 − b2 = 0 p(x) = 0 kai b1 = b2. ApodeÐxame ìti h f eÐnai èna proc èna.
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f (b1 + b2) = (b1 + b2) + 〈p(x)〉 = (b1 + 〈p(x)〉)⊕ (b2 + 〈p(x)) =
= f (b1)⊕ f (b2),

f (b1 b2) = (b1 b2) + 〈p(x)〉 = (b1 + 〈p(x)〉)� (b2 + 〈p(x)) =
= f (b1)� f (b2).

H f apeikonÐzei tic pr�xeic tou s¸matoc F stic pr�xeic tou s¸matoc F [x]/ 〈p(x)〉
ìtan autèc shmei¸nontai an�mesa sta stajer� stoiqeÐa tou F [x]/〈p(x)〉. Ta sta-
jer� stoiqeÐa tou F [x]/〈p(x)〉 sugkrotoÔn to sÔnolo FI . Gia k�je b + 〈p(x)〉
∈ FI up�rqei stoiqeÐo tou F to b ¸ste f (b) = b + 〈p(x)〉 ep�gontac ìti h f
eÐnai epÐ tou FI .
Telik¸c èqoume deÐxei ìti h sun�rthsh f eÐnai ènac èna proc èna kai epÐ omomor-
fismìc apì to s¸ma F sto sÔnolo FI . Dhlad  h f eÐnai èna isomorfismìc apì
to s¸ma F sto sÔnolo FI kai �ra ep�gei sto FI dom  s¸matoc me tic pr�xeic
⊕,�.
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To sÔnolo FI[x] = {∑n
k=0(bk + 〈p(x)〉) xk : n ∈ N, bk ∈ F} efodiasmèno

me tic pr�xeic {prìsjeshc} ⊕ kai {pollaplasiasmoÔ} � ¸ste,

Σn
k=0(bk + 〈p(x)〉) xk ⊕

m∑
k=0

(gk + 〈p(x)〉) xk =

Σmax{n,m}
k=0 ((bk + 〈p(x)〉)⊕ (gk + 〈p(x)〉)) xk,

Σn
k=0(bk + 〈p(x)〉) xk �

m∑
k=0

(gk + 〈p(x)〉) xk =

Σn+m
k=0

 k∑
i=0

(bk−i + 〈p(x)〉)� (gi + 〈p(x)〉)
 xk,

eÐnai daktÔlioc poluwnÔmwn.

EÐnai �mesh efarmog  twn idiot twn twn pr�xewn tou F kai tou FI na deÐxoume

ìti to FI [x] eÐnai daktÔlioc.
'Estw oi daktÔlioi poluwnÔmwn F[x], FI[x]. Mèsw thc sun�rthshc
f : F 7→ FI orÐzoume thn sun�rthsh,

F : F[x] 7→ FI[x]

me kanìna,
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F(b(x)) = F
(
Σn

k=0bk xk
)

= Σn
k=0f(bk) xk.

H F eÐnai isomorfismìc daktulÐwn poluwnÔmwn.

An b(x) = ∑n
k=0 bk x

k = ∑m
k=0 gk x

k = g(x) tìte n = m, bk = gk kai f (bk) = f (gk)
giatÐ h f eÐnai kal¸c orismènh. Opìte,

F(b(x)) =
n∑
k=0

f (bk)xk =
m∑
k=0

f (gk)xk = F(g(x)),

kai h F eÐnai kal¸c orismènh. En¸,

F(b(x)) = F
(
Σn
k=0bk x

k
)

= F
(
Σm
k=0gk x

k
)

= F(g(x))⇒

Σn
k=0f (bk)xk = Σm

k=0f (gk)xk,

kai n = m, f (bk) = f (gk) pou ep�gei bk = gk epeid  h f eÐnai èna proc èna. 'Ara,

b(x) = Σn
k=0bk x

k = Σm
k=0gk x

k = g(x),

kai h F eÐnai èna proc èna. Gia k�je polu¸numo,

B(x) = Σn
k=0(bk + 〈p(x)〉)xk = Σn

k=0f (bk)xk,
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tou FI [x], up�rqei to polu¸numo b(x) = Σn
k=0bk x

k tou F [x] ¸ste F(b(x)) =
B(x) kai h F eÐnai epÐ tou FI .

F(b(x) + g(x)) = F
(
Σmax{n,m}
k=0 (bk + gk)xk

)
= Σmax{n,m}

k=0 f (bk + gk)xk =

= Σmax{n,m}
k=0 ((bk + gk) + 〈p(x)〉)xk =

= Σmax{n,m}
k=0 ((bk + 〈p(x)〉)⊕ (gk + 〈p(x)〉))xk =

= Σn
k=0(bk + 〈p(x)〉)xk ⊕ Σm

k=0(gk + 〈p(x)〉)xk =
= Σn

k=0f (bk)xk ⊕ Σm
k=0f (gk)xk =

= F(b(x))⊕F(g(x)),
F(b(x) g(x)) = F

(
Σn
k=0bk x

k Σm
k=0gk x

k
)

= F
(
Σn+m
k=0

(
Σk
i=0bk−i gi

)
xk

)
=

= Σn+m
k=0

(
Σk
i=0f (bk−i gi)

)
xk =

= Σn+m
k=0

(
Σk
i=0(bk−i + 〈p(x)〉)� (gi + 〈p(x)〉)

)
xk =

= Σn
k=0(bk + 〈p(x)〉)xk � Σm

k=0(gk + 〈p(x)〉)xk =
= Σn

k=0f (bk)xk � Σm
k=0f (gk)xk =

= F(b(x))�F(g(x)),
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kai h F eÐnai omomorfismìc daktulÐwn poluwnÔmwn. 'Ara h F eÐnai èna proc èna,
epÐ kai omomorfismìc dhlad  isomorfismìc daktulÐwn poluwnÔmwn.

'Estw p(x) ∈ F[x] an�gwgo polu¸numo. To s¸ma F[x]/〈p(x)〉 peri-
èqei mÐa rÐza tou poluwnÔmou F(p(x)).

p(x) = Σn
k=0pk x

k,

F(p(x)) = P (x) = Σn
k=0f (pk)xk = Σn

k=0(pk + 〈p(x)〉)xk ⇒
P (x + 〈p(x)〉) = Σn

k=0(pk + 〈p(x)〉)� (x + 〈p(x)〉)k =
= Σn

k=0(pk + 〈p(x)〉)� (xk + 〈p(x)〉) =
= Σn

k=0((pk xk) + 〈p(x)〉) =
=

(
Σn
k=0pk x

k
)

+ 〈p(x)〉 =
= p(x) + 〈p(x)〉 =
= {p(x) + a(x) p(x) : a(x) ∈ F [x]} =
= {(1 + a(x)) p(x) : a(x) ∈ F [x]} =
= {u(x) p(x) : u(x) ∈ F [x]} = 〈p(x)〉 =
= 0 + 〈p(x)〉.



'Ara to stoiqeÐo x + 〈p(x)〉 tou F [x]/〈p(x)〉 eÐnai rÐza tou poluwnÔmou P (x)
dhlad  tou F(p(x)).
(∗) Gia k�je mh kenì sÔnolo A up�rqei èna mh kenì sÔnolo B
¸ste ta stoiqeÐa tou A na brÐskontai se èna proc èna kai epÐ

antistoiqÐa me ta stoiqeÐa tou B.
JewroÔme èna stoiqeÐo b pou den an kei sto sÔnolo A. To sÔnolo,

B = {ba : gia k�je a ∈ A},
plhreÐ thn zhtoÔmenh proôpìjesh.

'Estw p(x) ∈ F[x] an�gwgo polu¸numo. JewroÔme to sÔnolo

(F[x]/〈p(x)〉)− FI. Jètoume EF èna sÔnolo tou opoÐou ta stoi-

qeÐa brÐskontai se èna proc èna kai epÐ antistoiqÐa me aut� tou

sunìlou (F[x]/〈p(x)〉)− FI. Apì thn (∗) xèroume ìti to EF up�r-

qei. SumbolÐzoume me Φ thn èna proc èna kai epÐ sun�rthsh

apì to EF sto (F[x]/〈p(x)〉)− FI pou exasfalÐzei ìti ta stoiqeÐa

twn dÔo sunìlwn brÐskontai se èna proc èna kai epÐ antistoi-

qÐa. OrÐzoume thn sun�rthsh F : (EF ∪ F) 7→ F[x]/〈p(x)〉,

F(a) =


f(a) , ìtan a ∈ F,
Φ(a) , ìtan a ∈ EF.
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ìpou f eÐnai h sun�rthsh pou orÐsame apì to F 7→ FI. EÐnai
profanèc apì ton orismì thc ìti h F eÐnai mÐa kal¸c orismènh

èna proc èna kai epÐ sun�rthsh. OrÐzoume pr�xeic {prìsjeshc}
⊕ kai {pollaplasiasmoÔ} ⊙ sto EF ∪ F wc ex c,

a ⊕b = F−1(F(a)⊕ F(b)),
a ⊙b = F−1(F(a)� F(b)).

'Otan a,b ∈ F oi pio p�nw orisjeÐsec pr�xeic eÐnai h prìsjesh

kai o pollaplasiasmìc tou s¸matoc F ìpwc faÐnetai apì tic,

a ⊕b = F−1(F(a)⊕ F(b)) = F−1(f(a)⊕ f(b)) = F−1(f(a + b)) =
= f−1(f(a + b)) = a + b,

a ⊙b = F−1(F(a)� F(b)) = F−1(f(a)� f(b)) = F−1(f(a b)) =
= f−1(f(a b)) = a b.

EÐnai �meso na epalhjeujeÐ ìti to EF ∪ F efodiasmèno me tic

pio p�nw orisjeÐsec pr�xeic eÐnai s¸ma kai h F ènac èna proc

èna kai epÐ omomorfismìc dhlad , isomorfismìc metaxÔ twn sw-

m�twn EF ∪ F kai F[x]/〈p(x)〉.
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GnwrÐzoume ìti to s¸ma F [x]/〈p(x)〉 perièqei to stoiqeÐo x + 〈p(x)〉 pou eÐnai

mÐa rÐza tou P (x) = F(p(x)). Epeid  to x den eÐnai stajerì stoiqeÐo èpetai ìti

to x + 〈p(x)〉 an kei sto F [x]/〈p(x)〉 − FI . Apì ta pio p�nw, up�rqei stoiqeÐo

ρ = Φ−1(x + 〈p(x)〉) = F−1(x + 〈p(x)〉) tou EF ⊂ (EF ∪ F ) ¸ste an p(x) =
Σn
k=0pk x

k na lamb�noume,

F(p(ρ)) = F
 n∑
k=0

pk
⊙
ρk

 = Σn
k=0F(pk)� F(ρk) =

= Σn
k=0F(pk)� F(ρ)k = Σn

k=0f (pk)� (x + 〈p(x)〉)k =
= Σn

k=0(pk + 〈p(x)〉)� (xk + 〈p(x)〉) =
= Σn

k=0(pk xk + 〈p(x)〉) =
=

(
Σn
k=0pk x

k
)

+ 〈p(x)〉 =
= p(x) + 〈p(x)〉 =
= {p(x) + a(x) p(x) : a(x) ∈ F [x]} =
= {(1 + a(x)) p(x) : a(x) ∈ F [x]} =
= {u(x) p(x) : u(x) ∈ F [x]} = 〈p(x)〉 =
= 0 + 〈p(x)〉.
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'Omwc gia to oudètero stoiqeÐo thc prìsjeshc tou s¸matoc EF ∪ F isqÔei,
F(0 ⊕ 0) = F(0)⊕ F(0) = f (0)⊕ f (0) = (0 + 〈p(x)〉)⊕ (0 + 〈p(x)〉) = 0 + 〈p(x)〉
dhlad , F(0) = F(0 ⊕ 0) = 0 + 〈p(x)〉. Telik¸c, F(p(ρ)) = 0 + 〈p(x)〉 = F(0)
kai epeid  h F eÐnai èna proc èna lamb�noume p(ρ) = 0 ep�gontac ìti,

Gia k�je an�gwgo polu¸numo p(x) ∈ F[x] up�rqei èna s¸ma K =
EF ∪ F ⊇ F pou perièqei mÐa rÐza tou p(x).
To teleutaÐo sumpèrasma ep�gei ìti k�je an�gwgo polu¸numo èqei rÐza ìqi sto
s¸ma F sto opoÐo an koun oi suntelestèc tou all� se èna eurÔtero s¸ma K
tou s¸matoc twn suntelest¸n kai aut  h rÐza an kei sto K − F .
'Estw p(x) ∈ F[x] an�gwgo polu¸numo. Up�rqei s¸ma K ⊇ F tètoio

¸ste to p(x) na paragontopoieÐtai se ginìmeno prwtob�jmiwn po-

luwnÔmwn tou K[x].
Efarmìzoume epagwg  ston bajmì tou p(x). An deg[p(x)] = 1 tìte autì eÐnai
prwtob�jmio polu¸numo tou F [x] kai to sumpèrasma isqÔei gia K = F . Upojè-
toume ìti gia k�je deg[p(x)] ≤ n ìti to sumpèrasma isqÔei. 'Estw deg[p(x)] =
n+ 1. Apì thn prohgoÔmenh an�lush up�rqei s¸ma M ⊇ F pou perièqei mÐa rÐza
ρ tou p(x). Tìte,
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p(x) = (x− ρ) q(x) + r(x),
me q(x), r(x) ∈M [x] kai eÐte r(x) = 0, eÐte 0 = deg[r(x)] < deg[(x− ρ)] = 1. An
to deg[r(x)] = 0 to r(x) eÐnai mh mhdenikì stajerì polu¸numo tou M [x] dhlad ,
p(x) = m ∈M − {0}. Epeid  0 = p(ρ) = 0 q(ρ) + r(ρ) èpetai r(ρ) = 0, �topo
kai to r(x) den eÐnai mhdenikoÔ bajmoÔ.
'Ara, r(x) = 0 kai p(x) = (x− ρ) q(x). An to q(x) eÐnai an�gwgo sto M [x] kai
epeid  deg[q(x)] = n, apì thn upìjesh thc epagwg c up�rqei s¸ma K ⊇M ⊇ F

¸ste to q(x) na paragontopoieÐtai se ginìmeno prwtob�jmiwn poluwnÔmwn tou
K[x]. Epeid  kai (x− ρ) ∈M [x] ⊆ K[x], to p(x) paragontopoieÐtai se ginìmeno
prwtob�jmiwn poluwnÔmwn tou K[x] kai to sumpèrasma prokÔptei. An to q(x)
den eÐnai an�gwgo sto M [x] tìte paragontopoieÐtai se ginìmeno poluwnÔmwn tou
M [x] bajmoÔ megalÔterou   Ðsou tou 1 kai aut� ek' nèou kai oÔtw kaj' ex c èwc
ìtou prokÔyoun par�gontec tou M [x] pou den mporoÔn na paragontopoihjoÔn
peraitèrw se ginìmeno poluwnÔmwn tou M [x] bajmoÔ megalÔterou   Ðsou tou 1.
'Ara mporoÔme na paragontopoi soume to q(x) se ginìmeno an�gwgwn sto M [x]
poluwnÔmwn tou M [x] bajmoÔ mikrìterou   Ðsou tou bajmoÔ tou q(x). 'Estw ìti
aut� eÐnai ν to pl joc.
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Gia to i an�gwgo polu¸numo, i ∈ {1, 2, . . . , ν}, apì thn upìjesh thc epagwg c,
up�rqei s¸ma Ki ⊇M ⊇ F ¸ste autì na paragontopoieÐtai se ginìmeno prwto-
b�jmiwn paragìntwn tou Ki[x]. Opìte, up�rqei s¸ma to K = ∪νi=1Ki ⊇M ⊇ F
¸ste to ginìmeno twn ν an�gwgwn poluwnÔmwn na paragontopoieÐtai se ginìmeno
prwtob�jmiwn poluwnÔmwn tou K[x]. Epeid  kai (x− ρ) ∈M [x] ⊆ K[x], to
p(x) paragontopoieÐtai se ginìmeno prwtob�jmiwn poluwnÔmwn tou K[x] kai to
sumpèrasma prokÔptei.

'Estw a(x) ∈ F[x]− {0}. Up�rqei s¸ma K ⊇ F tètoio ¸ste to a(x) na para-

gontopoieÐtai se ginìmeno prwtob�jmiwn poluwnÔmwn tou K[x].
An to a(x) eÐnai an�gwgo sto F [x] to sumpèrasma prokÔptei apì ta prohgoÔmena.
An to a(x) den eÐnai an�gwgo sto F [x] tìte tìte paragontopoieÐtai se ginìmeno
poluwnÔmwn tou F [x] bajmoÔ megalÔterou   Ðsou tou 1 kai aut� ek' nèou kai
oÔtw kaj' ex c èwc ìtou prokÔyoun par�gontec tou F [x] pou den mporoÔn na
paragontopoihjoÔn peraitèrw se ginìmeno poluwnÔmwn tou F [x] bajmoÔ mega-
lÔterou   Ðsou tou 1. 'Estw ìti aut� eÐnai ν to pl joc. Gia to i an�gwgo polu-
¸numo, i ∈ {1, 2, . . . , ν}, apì ta prohgoÔmena up�rqei s¸ma Ki ⊇ F ¸ste autì
na paragontopoieÐtai se ginìmeno prwtob�jmiwn paragìntwn tou Ki[x]. Opìte,
up�rqei s¸ma to K = ⋃ν

i=1Ki ⊇ F ¸ste to ginìmeno twn ν an�gwgwn poluw-
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nÔmwn na paragontopoieÐtai se ginìmeno prwtob�jmiwn poluwnÔmwn tou K[x] kai
to sumpèrasma prokÔptei.

'Estw a(x) ∈ F[x]− {0}, K ⊇ F èna s¸ma ston daktÔlio poluwnÔmwn K[x]
tou opoÐou paragontopoieÐtai to a(x) se ginìmeno prwtob�jmiwn poluwnÔmwn.

MporoÔme na gr�youme,

a(x) = an (x− b1) · · · (x− bn),

me an ∈ F− {0}, b1, . . . ,bn ∈ K.

'Estw a(x) = ∑n
k=0 ak x

k. Epeid  to a(x) èqei bajmì n èpetai an 6= 0. Opìte,
a(x) = an

∑n
k=0(a−1

n ak)xk = an
∑n
k=0 gk x

k = an g(x) me gn = 1, gk ∈ F . Apì
ta prohgoÔmena, up�rqei s¸ma K ⊇ F ¸ste to g(x) na paragontopoieÐtai se

ginìmeno prwtob�jmiwn poluwnÔmwn tou K[x] èstw,

g(x) = (t1 x + h1) (t2 x + h2) · · · (tm x + hm),

me t1, t2, . . . , tm ∈ K − {0}, h1, h2, . . . , hm ∈ K. MporoÔme na gr�youme,

g(x) = (t1 t2 · · · tm) (x− (−t−1
1 h1)) (x− (−t−1

2 h2)) · · · (x− (−tm hm)) =
= t (x− b1) (x− b2) · · · (x− bm).
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'Omwc o suntelest c tou megistob�jmiou ìrou tou g(x) o gn = 1 ep�gei ìti t = 1
kai telik¸c to a(x) gr�fetai,

a(x) = an g(x) = an (x− b1) · · · (x− bn),

me an ∈ F − {0}, b1, . . . , bn ∈ K.

To sumpèrasma pou mìlic apodeÐxame eÐnai gnwstì wc je¸rhma Girard–Kronecker.
To gnwstì mac Jemeli¸dec Je¸rhma thc 'Algebrac eÐnai efarmog  tou jewr ma-

tocGirard–Kronecker sthn perÐptwsh F = C. Sthn perÐptwsh aut  o Gauss
apèdeixe ìti kai K = C.
To je¸rhma Girard–Kronecker exasfalÐzei ìti to pl joc twn lÔsewn, (ìqi aparai-
t twc diakekrimènwn metaxÔ touc), thc poluwnumik c exÐswshc a(x) = 0 isoÔtai
me ton bajmì tou poluwnÔmou a(x). Autì pou den exasfalÐzei eÐnai ìti oi lÔseic
autèc eÐnai stoiqeÐa tou s¸matoc F apì to opoÐo proèrqontai oi suntelestèc tou
poluwnÔmou a(x). MporeÐ k�poiec   ìlec ex' aut¸n na an koun sto F , mporeÐ kai
ìlec na eÐnai stoiqeÐa k�poiou s¸matoc K eurÔterou tou F .


