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Explicit Formulas for the Sequence of Outer
Vecten Triangles
Elias Lampakis

In 1817, M. Vecten, a French Mathematician who taught Mathematics with
Gergonne at the University of Nimes in France, published a study of the
figure of three squares erected on the sides of a triangle.

fig.1, Outer Vecten Triangle

When the squares lie outside the triangle, the triangle with vertices the
centers of the squares is called outer Vecten triangle, (fig. 1), [1,2]. Given
a triangle, one can construct a sequence {1}, }>2, of outer Vecten triangles
with Tj the given triangle and 7,, the outer Vecten triangle of the T,,_1
triangle.

In figure 1, we have constructed the terms T, 1 = An,_1Bn_1Cn_1,
T, = A, B,C,, of such a sequence, assuming as Ty = AgBoCy a given initial
triangle with sidelengths ag, by, co and area (AgBoCy).

The sidelengths a,, by, ¢, and area (A,,B,C)) of the n-th term of the
sequence {71}, }5°, satisfy the following implicit relations, [1]

a2 1 +b2_ 1 +4(A_1Bp1Cr1)

ai = — 2 , (1)
2 b2 42 +4(Ay-1Bp-1Cno1)
2 Ay +ad2_| +4(Ay1Bn_1Cpy)

Cn = 5 , (3)

8(AnB,Cy) = a2+ b2+ +8(A1Bn_1Cn1).  (4)
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Notice that in [1] the relations (1), (2), (3) are stated without the factor
4 multiplying the area (A,,—1B,—1Cp—1), probably by same kind of mistake.
As we shall prove the factor 4 should appear in the relations.

Our goal though is not to correct a misprint or the overlooking of some
multiplicative factor but to present explicit formulas for the determination
of the sidelengths a,, by, ¢, and area (A4, B,C)) of the n-th term of the
sequence {T,}5° , without having to compute the sidelengths and areas of
all the intermediate terms.

More precisely we shall prove that if AgBoCy is a given initial triangle
with sidelengths ag, bg, cop and area (ApByCp), then the sidelengths ay,, by,
¢n and area (A,B,C)) of the n-th term of the sequence {T},}>2 of outer
Vecten triangles are given explicitly by the formulas,

a2 =0 <1+4\/§Z> 0 (1_4\/52) +£3<2 +2\/§> +€4<2 _2\@) , (5)

with ¢;, i = 1,2, 3,4 given explicitly by,

0 = ;ag+16“§ibg+”6@c3,

R P e L e a1

by = Z@+ B+ At 2 (ABCh)

by = éag+éb3+%cg—§(z403000)7
b?l:dl (1 +4\/§i>1d2 (1 _4\/§i>1d3<2+2\/§>:d4<2_2\/§>:1 (6)
with d;, 1 = 1, 2, 3,4 given explicitly by,

g - T L SIS

b= i Ly

I = s@t B+ Tt (ABoCh),

dy = %a§+éb§+éc§—§(AoBoCo)7

c% =e (1—1—4\/§z> + e (1_4\/32> + e3 (2 +2\/§> + 64<2 _2\/§>7 (7)
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with e;, 1 = 1,2, 3,4 given explicitly by,

er = _1_6\/§ia3+_12\/§ib3 %c%,
€2 _1+6\/§iag+_1_6\/§ibg+§cg,
e3 = éa3+ébﬁ+é03+§(AoBoCo),
er = gabt Bt g (AoBoCh).

And for the area,

2

2+v3\" V3K, (2—-v3\" 1
48 B

with K7, Ko given explicitly by,

K1 = a2+t 4+ +4V3(ABoCo),

KQ = CLg + bg + C% —4 \/g(A[)B()C()).
Example. Let the given initial triangle AgBoCy have ag = 3, by = 5,
co = 6. Then, (A49BoCy) = 2+/14 and the sidelengths a,, by, ¢, of the

terms of the sequence {7,}5°, of outer Vecten triangles are given by the
explicit formulas (5), (6), (7) with,

—43 4+ 1131 —43 — 1131 70 + 8/14
b = ———— ly=——— 3= ——
6 6 6
70 — 8+/14
0y = ——— 1~
6
5— 2731 542731 70 + 8+/14
d = ————,dy=——F—,d3=——"—,
6 6 6
70 — 8+/14
dy = —— 12—
6
38 +16+/31 38 — 1631 70 + 8 /14
€1 = , €2 = y €3 = —————,
6 6 6
70 — 8+/14
€4 — ?

The area (A, B,Cy) of the terms of the sequence {T},}°°, of outer Vecten
triangles is given by (8) with, K = 70 + 8 v/42, Ky = 70 — 8 /42.

The Explicit Formulas for the Sidelengths
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In this section we shall present the determination of the explicit formulas
(5), (6), (7). As an intermediate step we shall provide the proof of the correct
implicit relations (1), (2), (3). All geometric object in the following proofs
refer to figure 1.

Applying the law of cosines in triangle B,,Cy,_1C),, we take,

2 2
an_1 , bh_q V2an_1 V2bp_1 A
_ a%_l + bfl_l +2an-1bn_1 sin(CA'n,l) _
2
_ap g+ 00+ 4(An1 B Coon)
> .

Applying the law of cosines in triangles Cp,A,_14,, A,B,_ 1B, and
following similar reasoning as above we take (2), (3). Theorem 4.81, [3,
page 96| implies that,

A,Cp-1 = B,C,, = a,, and A, C,_1 is perpendicular to B,C,, = ay, (9)

ByAnCr1 + Ay BaCy = 90°. (10)
By the law of cosines in triangle A, B,,C,,—1 we take a proof of (4) namely,

2
an271 © a2 +c2 —2ay ¢, cos(BpAnCh_1) (0

= ai + ci —2ap ¢y sin(An/Bn\Cn) (L3)

2 a%il + b72"L*1 + C%L*]. + 8 (An_an_lcn_l) .
2

—4(A,B,C,) =
8 (AnBnCp) = a72z—1 + bgz—l + C?z—l +8(An-1Bn-1Cp1).

So far we have proved the implicit relations (1), (2), (3), (4). Now we
proceed to find the linear recurrence relation satisfied by the sidelengths of
the terms of sequence {T7,}5° .

o (1) aZ + b3 +4(A,BCh) (1,2)

an—i—l 2

ap_y +2bp_ +cpy +8(An1Bao1Cn1) + 8 (4nBnCy) )

. )

24} +3b) +2¢, +16(A, 1By 100 1) a1)
— . 7

5 o (1) b2 1 +2c%_ 1 +8(Apn_1Bn-1Cy_1)
Apy1 — Ay = 4 =

_ %b% n % ngfl + 4(Anngn_1Cn_1) ‘ (12)
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The implicit relations (2), (3) give the two alternative expressions,

21 +4(An—1By1Cn1)

—
S
(S

= p2 . nol 13

2 n 2 ) ( )

072171 +4(Ap_1Bp1Ch1) (:) 2 a?zfl (14)
2 "2

(13), (14) in turn produce two alternative expressions for (12) namely,

(13) 1 1 b, v,
piy —a, = ngfi‘Q(bi—nQ = by — n4 ) (15)
4 1 1 at | -
da-a W jneg(@-tt) et )
(15) implies,
b2
aZ +br =ai |+ ”41 (17)
(16) implies.
b2 2 CL27 2 b2 2 2 CL27
7”—56”:%21“—%214— n410r, a”+2"+c"—a121+1—a7” "41 (18)
Applying the same reasoning as above we take,
buten = bt (19)
232 4 2 2 2
a +b +c 2 b b -1
& 271 To= bn+1 - ?n =+ n4 ) (20)
A +a2 = C%+1 + n4_ , (21)
2,12, 2 2 2
a "‘b +C 2 C C -1
% = Cn+1_?n+ n4 ; (22)
Adding by parts (17), (19), (21) the first key recurrence relation,
2 2 2
a; 1+b: | +ci_
2(a5 + by, + ¢n) = apgy + by e+ (23)

4 )

is produced. The latter becomes functional when combined with (18),

2
a
2,12, 2 2 2 -1
an+bn+cn:2an+1_an+ n2 s
implies the second key recurrence relation,
16a2,, = 40a2., —24a2+10a2_; —a?_, or,

1602 = 4042, —24a> ,+10d2 5 —d>_,, (24)
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which is a linear recurrence relation of the fourth order. By exactly the
same reasoning, (23) combined with (20) and (22) implies,

1602 = 4002 ;| — 2402 5+ 1002 5 —b2_,, (25)
16¢2 = 40c¢2 | —24¢2 5 +102 53— 2y, (26)

which are the linear recurrence relations satisfied by the sequences of the
other two sidelengths. The characteristic equation of (24), (25), (26) is,

162" —402° +242° — 10z + 1 =0,
which factors to (422 —2x + 1) (422 — 8x + 1) = 0 with roots,
1443 1—/3i 24 V3 2 —

4 , L2 = 4 , L3 = 9 , Ly = 2

=

z1

By the theory of linear recurrence relations, (5), (6), (7) are the explicit
formulas expressing the sidelengths a,,, b,, ¢, of the n-th term of sequence
(1122,

The constants ¢;, d;, e;, i = 1,2,3,4 are produced as solutions of the
three linear systems,

0 .0 0 0 2 2 2
Ty Ty T3 Ty 4y or, dy or, eq ag or, bj or, cj
rioal ozl o2l lyor,dyor,es | | a?or, b? or, 2
22 23 2% 23 43 or, d3 or, e3 a3 or, b3 or, c3

3 .3 .3 .3 2 2 2
] xy Ty Ty ly or, dy or, ey az or, b3 or, c3

The only sidelength terms of {77,}°°, which we have to determine with
respect to ag, by, co, (AgBoCo) by the use of the implicit relations (1), (2),
(3) are ayp, by, ¢, for n = 1,2,3. All the other sidelength terms a,, by, ¢,
for n € N —{1,2,3} are given in a straightforward way by (5), (6), (7).

The Explicit Formula for the Areas

The linear recurrence relation (23) is the key for producing the explicit
formula (8). (23) is a linear recurrence relation of the second order with
characteristic equation,

1
v —2y+ 5 =0,

4
with roots y; = 2+2‘/§ =1x3, Yo = 2_27‘/3 = x4. The latter implies that,
n n
2+V3 2—+/3
ai+bi+ci=k:1< f)m( 2”) e

with ki1, ko constants depending on a2 + b2 + 2, a? + b? + 3. Since,

9 (1,2,3)
1 P——

a?+ b2 +e a3 + b3 + 3 + 6 (AgByCy),
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it is straight forward to solve the linear two by two system produced by (27)
for n = 0,1 to take,

kw = (CL% + bg + C(Q) +4 \/§ (AQB(]C[))), (28)

— N =

ko = (CLO + b2 + CO 4 \/g (AOBQCO)), (29)

N |

(4) and (27) combined together imply,

n—1 n—1
8 (AnBoCh) = ki <2+2‘/§> o <2 - ﬁ) 48 (An_1 By 1Cos). (30)

2

Adding by parts relations (30) for n = 1,2,...,m we take,

8 (A B Ci) :klz (2“[) + QZ (
kq

R f(2+vB\" ] ke [(2=vB\"
72 3 2

+8(AoBoCh) =

n—1
> + 8 (ApBoCy) =

3k (243 V3 [2—V3\ "
(AmBmCin) - = 241< 2 ) - 242< 2 ) +
+\/§(l€224_kl) + (Ao ByCo),

and (8) follows from (28), (29) and m = n.
An Application of the Explicit Formulas

In problem proposal 1130, [4] the reader is asked to prove that if an initial
triangle AgByCy is given and {7},}7°, is the sequence of outer Vecten tri-
angles with respect to AgByCp, then a positive real constant 7y exists such

that,
a b Cn,

lim — = lim — = lim —, (31)
n—oo0 " n—oo0 Y™ n—oo "
is a positive real number. The latter means that if the terms of {7},}>2, are
scaled by 1/4™, then the sequence {T},/7"}5°, converges to an equilatelar
triangle.
Taking v = /x3 = 2+2‘/§ and dividing both parts of (5), (6), (7) by

2n
7™ we have,

b
hm 2 — Lm = im - + bo‘|‘ CO"" (AOBOCO) (32)

n—00 72” n—00 72” n—o00 72” 6 0

2 2 2 1 2
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since,
. I
a3 <2>
. Z2
a3 <2>
lim (22
00 \ 2
lim <$4)
n—oo "}/
with,
1++/3i
r1 =

m [ -
. [cos(n57r/3) sin(n57/3) } 0
nooo [ (24V3)n (24 V3)"

s (Qn:lv

o (7is) -0

—V3i 2443 2-3

I S R

(32) implies the desired result for (31) immediately.

Summary. We present and prove explicit formulas for the computation of the sidelengths
and area of the terms of the sequence {15 }nZg of outer Vecten triangles with respect to a
given initial triangle Ao BoCo with sidelengths ag, bo, co and area (AgBoCp). The formulas
for the n-th term of {7, } 2, are only expressed in terms of n, ag, bo, co, (A0 BoCo). Hence,
in order to compute an, bn, cn, (AnBnChr) one need not traverse through the cumbersome

procedure of computing the respective magnitudes for all the intermediate terms A; B;C;,

i=1,2,...,n—1.
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